A graph is said to be one-regular if its automorphism group acts transitively and freely on the arc set. In this paper, an infinite family of one-regular graphs of valency 4k with non-cyclic vertex stabilizer is constructed.
Introduction
Throughout this paper, graphs are finite, simple and undirected. For a graph G, every edge of G gives rise to a pair of opposite arcs. Let V (G), E(G), A(G) and Aut(G) denote the vertex set, edge set, arc set and the full automorphism group of G, respectively. Given a vertex v ∈ V (G), we denote by N i (v) the set of all vertices which have distance i from v. A graph G is said to be vertex-transitive, edge-transitive and arc-transitive if Aut(G) acts transitively on the sets V (G), E(G) and A(G), respectively. A graph G is one-regular if Aut(G) acts freely and transitively (i.e., regularly) on the arc set A(G), so that the arc stabilizer in Aut(G) is trivial. Given a group and a generating set S of such that S = S −1 and 1 / ∈ S, the Cayley graph Cay( , S) on relative to S has the vertex set and the edge set {{g, gs} | g ∈ , s ∈ S}. Clearly, every Cayley graph is vertex-transitive by a left translation.
The study of one-regular graphs may be divided into two cases according to the cyclic or non-cyclic vertex stabilizer.
With cyclic vertex stabilizer: Any one-regular graph of prime valency has a cyclic vertex stabilizer. Since Frucht [9] constructed an example of one-regular graph of valency 3, many people constructed lots of different infinite families of one-regular graphs of valency 3. See [1, [4] [5] [6] [7] [8] 12, 13] . Chao [2] constructed infinitely many one-regular graphs of any even valency as a result of the classification of arc-transitive graphs with a prime number of vertices. Xu and Xu [17] constructed an infinite family of one-regular graphs of valency 4. Cheng and Oxley [3] constructed infinitely many one-regular graphs of any valency as a result of the classification of weakly symmetric graphs with twice a prime number of vertices. Infinitely many one-regular graphs of valency 4 or 6 with girth 6 were constructed in [14] . The authors [10] constructed infinitely many one-regular graphs of any even valency with girth 4 as Cayley graphs on dihedral groups. All of them have cyclic vertex stabilizers.
With non-cyclic vertex stabilizer:
The smallest valency of one-regular graphs with non-cyclic vertex stabilizer is 4 (its vertex stabilizer is Z 2 × Z 2 ). Marušič [11] constructed an infinite family of one-regular graphs of valency 4 with vertex stabilizer Z 2 × Z 2 as Cayley graphs on alternating groups. Xu and Xu [17] constructed another infinite family of one-regular graphs of valency 4 with vertex stabilizer Z 2 × Z 2 , as a result of the classification of arc-transitive Cayley graphs on abelian groups. An infinite family of one-regular Cayley graphs of valency 4 on dihedral groups with vertex stabilizer Z 2 ×Z 2 was constructed in [14] . Wang and Xu [16] constructed infinitely many one-regular graphs of valency 4k with non-cyclic vertex stabilizer Z 2 × Z 2k for any positive integer k. Also, see [15] for another infinite family of such graphs.
To construct a new infinite family of one-regular graphs of any 4k valency with non-cyclic vertex stabilizer, let D n = a, b|a n = 1, b 2 = 1 and bab = a −1 , n 2, be the dihedral group of order 2n generated by two elements a and b. Now, we introduce the main theorem and it will be proved in the next section.
Theorem 1.1. Let k 2, 3 and n 1 be integers satisfying
, and let
For any integer s, t and u such that 1 s k − 1 and 0 t, u k − 1, if the following two conditions
(3) 1 2 [(−2 + 1) t ± (−2 + 1) u + 2] = 0 (mod n) and (4) 1 2 [(−2 + 1) s + (−2 + 1) t − 2] = 0 (mod n)
hold, then the Cayley graph Cay(D n , S) is a one-regular graph with valency 2k, girth 4, and vertex stabilizer isomorphic to
Note that all elements of the set S in Theorem 1.1 are involutions in the group D n . To show the existence of infinitely many pairs (n, ) satisfying Theorem 1.1 (1)- (4) for each fixed k 2, we need the following numerical property.
Lemma 1.2. Given any two integers k 2 and
Proof. The conditions (1) and (2) are trivial. Because of similarity, we prove only (4). First let k be even. Then,
for some integers s and t with 1 s k − 1 and 0 t k − 1. Since
which cannot hold under our assumptions. For odd k the condition (4) can be proved similarly. 
Proof of Theorem 1.1
We first discuss how to generate one-regular Cayley graphs with S in Theorem 1.1. In [14] , it was shown that the Cayley graph Cay (D n , {b, ab, a b, a − +1 N 2 (1) with a 2-path (1, b, a −1 ) . Also, one can show that this is the unique 2-path from 1 to a −1 , that is, N 1 (1) ∩ N 1 (a −1 ) = {b} if and only if n = 2 , and if n = 2 , Cay(D n , {b, ab, a b, a − +1 b}) cannot be one-regular. The pair (n, ) in the Cayley graph Cay(D n , {b, ab, a b, a − +1 b}) of valency 4 with 2 2 − 2 = 0 (mod n) is the same one that satisfies the conditions (1) and (2) of Theorem 1.1 with k =2, and the condition n = 2 is equivalent to (3)- (4) 
Lemma 2.1. G is arc-transitive and its girth is 4.
Proof. Since b and ab are contained in S, G is connected. Let a be the subgroup of D n generated by a. Since Then, the group automorphisms and permute the elements of S as follows:
Hence, the group , is an automorphism group of G acting transitively on the set S = N 1 (1) . This implies that G is arc-transitive.
Two automorphisms and , defined in the proof of Lemma 2.1, commute. Also | | = 2 and | | = k. Hence, the group , is isomorphic to Z 2 × Z k .
Again, a −1 ∈ N 2 (1) with a shortest path (1, b, a −1 ). The next lemma shows when this is the unique 2-path from the vertex 1 to a −1 . N 1 (1)∩N 1 (a −1 ) ={b}.
Lemma 2.2. For the Cayley graph G, the conditions (3) and (4) of Theorem 1.1 hold if and only if
Proof. First, note that N 1 (1) = S and
The neighborhood of a vertex in N 1 (1)\{b} can be determined by right multiplication with the generators. For each integer s, 1 s k − 1, we obtain
and for each integer t, 0 t k − 1, we get (3) and (4) of Theorem 1.1.
Next we show that Aut(G) acts freely on the arc set of
Lemma 2.3. If the conditions (3)
and (4) of Theorem 1.1 hold for G then the stabilizer Aut(G) (1,b) of (1, b) is trivial.
Proof. Let A = Aut(G) and ∈ A (1,b) be any automorphism. We are concerned about an extension of the arc (1, b) which gives rise to a 4-cycle. Note that
and a 1/2[−1−(−2 +1) t ] = a −1 when t = 0. Beside this element a −1 , that is, for each 1 s k − 1 and 1 t k − 1, the extended paths 
Consequently, if an automorphism fixes the arc (1, b) , it also fixes the arc (a −1 , a −1 b). Now, by taking the left multiplication by a −1 to the graph G, it follows from the fact ∈ A (a −1 ,a −1 b) that fixes the vertex a −2 . Since fixes a −2 and G is arc-transitive, we have
. Hence fixes the arc (a −2 , a −2 b). By repeating this process, one can conclude that fixes all arcs (a −j , a −j b) for j 1. This implies that fixes all vertices of G, and hence the arc stabilizer A (1,b) of (1, b) is trivial.
Combining Lemmas 2.1-2.3 gives the proof of Theorem 1.1. In [10] , for each integer k 2, the authors constructed infinitely many one-regular Cayley graphs on dihedral groups of valency 2k, girth 4 and a cyclic vertex stabilizer. If k is even, the group , in the proof of Lemma 2.1 cannot be cyclic, and hence none of one-regular graphs constructed in Theorem 1.1 is isomorphic to any one constructed in [10] . But, when k is odd, the group , is isomorphic to Z 2k . In this case, if we set = 2 − 1, then the condition 1 + k = 0 (mod n). Therefore, we can conclude that the family of graphs in Theorem 1.1 with odd k is a proper subfamily of the family given in [10] .
